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Flow Kinematics in Variable-
Height Rotating Cylinder Arrays
Experimental data are presented for large arrays of rotating, variable-height cylinders in
order to study the dependence of the three-dimensional mean flows on the height hetero-
geneity of the array. Elements in the examined arrays were spatially arranged in the
same staggered paired configuration, and the heights of each element pair varied up to
637.5% from the mean height (kept constant across all arrays), such that the arrays
were vertically structured. Four vertical structuring configurations were examined at a
nominal Reynolds number (based on freestream velocity and cylinder diameter) of 600
and nominal tip-speed ratios of 0, 2, and 4. It was found that the vertical structuring of
the array could significantly alter the mean flow patterns. Most notably, a net vertical
flow into the array from above was observed, which was augmented by the arrays’ verti-
cal structuring, showing a 75% increase from the lowest to highest vertical flows (as
evaluated at the maximum element height, at a single rotation rate). This vertical flow
into the arrays is of particular interest as it represents an additional mechanism by which
high streamwise momentum can be transported from above the array down into the array.
An evaluation of the streamwise momentum resource within the array indicates up to a
56% increase in the incoming streamwise velocity to the elements (from the lowest to
highest ranking arrays, at a single rotation rate). These arrays of rotating cylinders may
provide insight into the flow kinematics of arrays of vertical axis wind turbines (VAWTs).
In a physical VAWT array, an increase in incoming streamwise flow velocity to a turbine
corresponds to a (cubic) increase in the power output of the turbine. Thus, these results
suggest a promising approach to increasing the power output of a VAWT array.
[DOI: 10.1115/1.4033676]

1 Introduction

In recent years, it has been shown that for specific regimes of
geometric spacing, rotational orientation, Reynolds number, and
rotation rate, paired rotating cylinders can suppress bluff-body
vortex shedding and can exhibit increased lift coefficients and
decreased drag coefficients (see Refs. [1–6], among others). Moti-
vated by the potential implications that such positive interactions
between rotating elements could have for VAWT arrays (see
Refs. [7–9], among others), recent work was completed on large
arrays of finite-height rotating cylinders [10]. In that study, the
cylinders were of uniform height, and the spatial and rotational
configurations of the elements were varied. It was found that the
rotation of the cylinders drove the formation of streamwise and
transverse flow patterns between cylinders, and that net
time–space averaged transverse and vertical flows existed within
the developed flow regions of the arrays.

The present study is a direct extension of this prior work: large
arrays of rotating cylinders are again considered, but the spatial
and rotational configurations are held constant while vertical
structuring of the arrays is achieved by varying the height of the
elements within the arrays.

Significant prior work on heterogeneous-height arrays has been
completed, particularly in the context of aquatic natural canopies
(e.g., Ref. [11]) and terrestrial urban canopies (e.g., Refs.
[12–17]). Most notably, Xie et al. [14] examined arrays of spa-
tially staggered rectangular blocks of either homogeneous heights
or heterogeneous heights, randomly chosen from a normal distri-
bution such that the mean height of the heterogeneous array was
equal to the height of the homogeneous array (H). It was found
that the time–space averaged velocity below H was very similar
between the two arrays, but that above H the heterogeneous array
showed lower velocities than the homogeneous array. This is not
surprising given that within the heterogeneous-height array, tall

elements still exerted drag on the flow above H. As a result, how-
ever, the time–space averaged velocity profile showed a much
weaker inflection in transitioning from within-array to above-
array flow, and thus a significantly reduced shear layer. The
reduced shear layer also reduced the magnitude of the peak
time–space averaged turbulent kinetic energy which was observed
to occur at the height of the tallest elements in the array rather
than at H.

Jiang et al. [15] examined the spatially square arrays of blocks
with varying degrees of height heterogeneity, while maintaining
the same mean element height. Largely in keeping with the results
reported by Xie et al. [14], it was observed that with increasing
height variation of the elements in a square array, the time–space
averaged flow velocity was increased below the mean height and
decreased above the mean array height.

Finally, Hagishima et al. [16] examined the spatially staggered
and square arrays with either homogeneous-height elements or
elements of two different heights, again maintaining the same
mean element height in all cases. It was shown that while the dis-
placement height, roughness length, and coefficient of drag of the
arrays varied most strongly between homogeneous-height and
heterogeneous-height arrays, there was also notable variation
between heterogeneous arrays of different vertical structures (i.e.,
the tall elements in a square pattern versus the tall elements in a
staggered pattern).

Taking these studies into consideration, the present study
focuses on arrays composed of elements of three distinct heights to
create four different vertically structured arrays, maintaining the same
mean array height between arrays. Focus will be placed on the
time–space averaged characteristics of the flow in the array, specifi-
cally in relation to the momentum resource available within the array.

The focus on time–space averaged flow characteristics and par-
ticularly the momentum resource is motivated by the potential
implications of the study for VAWT arrays. While it was con-
cluded in Ref. [10] that direct analogies between the examined
rotating cylinder arrays and VAWT arrays should not be drawn,
the experimental model simplifications are comparable to some of
the numerical model simplifications under consideration for large-
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eddy simulations (LESs) focused on large, three-dimensional (3D)
arrays (e.g., Refs. [18–20]). In particular, Shamsoddin and Porte-
Agel [19] compare an actuator line model, in which each blade is
represented by a moving line of point forces, and an actuator
swept-surface model, in which the time-averaged forcing of the
blades is distributed over the cylindrical surface swept out by the
blades. It was shown that the actuator line model was better able
to capture the unsteady-periodic nature of the wake, and in partic-
ular showed faster wake recovery as a result of better modeling of
the wake turbulence intensity. However, the actuator swept-
surface model captured mean flow characteristics reasonably well
and was the lower-computational cost model. In an LES of a
mixed turbine wind farm, Archer et al. [20] employed the actuator
swept-surface model for the (20) shorter, under-story VAWTs and
an actuator line model for the (single) taller, upper-story horizon-
tal axis wind turbines, highlighting the accuracy/computing cost
balance which currently still faces LES studies.

As the distribution of the turbine forcing across a cylindrical
surface in numerical simulations is strongly analogous to the
experimental model of the turbines as cylinders, the prior [10] and
present work may be considered similar to such LES studies of a
large-scale VAWT array, in which the near-“turbine” details are
not captured, but the net effect on the flow may be considered
qualitatively informative, as a low-order approximation.

The remainder of the paper is organized as follows: Section 2
gives a brief outline of the experimental methods, including nota-
tion, experimental setup, and uncertainty quantification. Section 3
presents the results of the experiments, beginning with a quantifi-
cation of the array performances (Sec. 3.1), followed by closer
examinations of the mean vertical flow patterns in the arrays (Sec.
3.2) and the turbulence characteristics in the arrays (Sec. 3.3).
Section 4 summarizes the key results and discusses potential ave-
nues of further research.

2 Experimental Methods

The present work is a direct extension of the work previously
described and reported in Ref. [10], and therefore, only a brief
description of the experimental setup and methodology will be
given here. Also, the supplementary material in Ref. [10] provides
a detailed discussion of the relationship of the present experimen-
tal model to a physical VAWT array, in particular discussing the
following: Reynolds number effects, flow-driven versus externally
supplied element rotation, the constant rotation rate of elements
through the array, and the geometry of the elements.

2.1 Notation. The nondimensional rotation rate is defined to
be a¼DX/2u0, where D is the cylinder diameter, X is the rota-
tional speed of the cylinder, and u0 is the freestream velocity. The
pertinent Reynolds number is defined by the cylinder diameter
and freestream velocity, that is, Re¼ u0D/�, where � is the kine-
matic viscosity of the working fluid.

The sequential time–space decomposition of a variable is writ-

ten as h ¼ h�hi þ ~�h þ h0, where the overline denotes a time aver-
age, the prime denotes a deviation from the time average, the
brackets denote a spatial average, and the tilde denotes a deviation
from the spatial average (adopting the notation in Ref. [21]).

2.2 Experimental Setup. The coordinate system used in this
work takes the positive x direction to be aligned with the free-
stream flow and the z direction to be vertically upward, leaving
the y direction aligned transversely. The origin of the coordinate
system is placed at the transverse center of the first row in the
array, at the bottom of the elements.

The arrays examined consisted of 532 circular cylindrical ele-
ments (266 element pairs) arranged in 59 rows. The elements
were 1.27 cm in diameter (D). Unless otherwise indicated, all
lengths in this work are normalized by the element diameter. Stag-
gering of the pairs between rows yielded five pairs per row or four

pairs per row (alternating by row, Fig. 1). Of these, the central
three or two pairs, respectively, in each row were externally
rotated, with the remaining pairs at the sides of each row left sta-
tionary in order to act as “buffer” regions. The rotation of the ele-
ments was such that the inner edges of the cylinders in a pair
moved in the downstream direction (referred to as the “reverse dou-
blet” configuration in prior literature [1,10]). The spatial configura-
tion (including element spacing) was motivated by the work on
paired cylinders by Chan et al. [1] and on VAWT arrays by Kinzel
et al. [9] (see Ref. [10] for further details). The choice of the reverse
doublet rotational configuration was based on the results of Craig
et al. [10], which indicated this configuration to have the best inter-
action characteristics with the flow above the arrays.

Element rotation was accomplished by creating chains of spur
gears, sandwiched in place between a bottom and top plate, as
shown in Fig. 2(a). Some of the spur gears were fitted with shafts
that protruded through the top plate and provided a mounting
point for the elements above the top plate. At the ends of the gear
chains, the spur gears were fitted with very long shafts which also
protruded through the top plate and were connected to direct cur-
rent motors above the array. Controlling the voltage supplied to
the motors allowed the rotation rate of the gear chain and there-
fore the elements to be controlled. Data were collected with the
elements driven to rotation rates of a¼ [0, 2, 4].

The entire setup was placed into the recirculating water flume
of the Bob and Norma Street Environmental Fluid Mechanics
Laboratory at Stanford University, as shown in Fig. 2(b). As the
spur gear sandwich had a finite thickness, additional raised plates
were used to fill the flume in front, in back, and to the sides of the
setup so that a consistent offset bottom was formed. The most
upstream plate was angled so as to provide a ramp up to the
offset bottom and also provide a trip for the boundary layer. See
Supplemental Materials tab for this paper on the ASME Digital
Collection.

Three element heights were used to create the vertical struc-
tures of the arrays: a short element 5D in height, an average ele-
ment 8D in height, and a tall element 11D in height. The arrays
were created such that the average element height over the array
was 8D. Four vertical structures were considered: “uniform,” in
which all elements were of average height, “sawtooth,” in which
height was varied by row: short, average, tall, short, average, tall,
etc., “wedge,” in which short elements and tall elements were
used to create nested “V” shapes, with the openings in the
upstream position, and “random,” in which a random number gen-
erator was used to randomly assign each position to contain a
small, average, or tall element pair. These vertical array structures
are illustrated in Fig. 1. The homogeneous and random vertical
structures were chosen so as to be consistent with the previous
studies. The sawtooth vertical structure was chosen for its simplic-
ity, ideally allowing relatively easy interpretation of the results.
The wedge vertical structure was motivated by the work presented
in Ref. [22], which suggests that the V shape may result in benefi-
cial channeling between rotating elements.

Two-dimensional particle image velocimetry was used to col-
lect data in both vertical (x–z) planes and horizontal (x–y) planes.
The data were taken at a streamwise position far downstream of
the leading edge of the array. The horizontal data were collected
at the same three heights in all heterogeneous-height arrays: 4D,
7D, and 10D from the offset bottom/base of the elements. In the
homogeneous-height array, six horizontal sheets of data were col-
lected at 2.0D, 6.0D, 4.0D, 7.5D, 8.5D, and 10.0D from the offset
bottom. The vertical sheet data were not collected at the same
transverse locations between arrays, given the requirements of
reasonably capturing the variation associated with the different
vertical structures; however, the distribution of the data sheets rel-
ative to the elements (i.e., the number of data sheets taken through
the centers of elements versus between elements in a pair versus
between pairs of elements) was matched when taking spatial aver-
ages so as to be easily comparable across arrays. The transverse
locations captured are indicated in Fig. 1 for each of the array
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configurations. At each measurement location, 512 image pairs
were captured at a rate of 0.5 Hz.

All velocities are normalized by the freestream velocity, u0

(0.0468 m/s for the heterogeneous-height arrays and 0.0447 m/s
for the uniform height array, the difference arising from the fact

that the data were collected in two separate installations of the
setup in the flume, with minor variations between installations).
The resulting Reynolds numbers were, therefore, 594 and 568,
respectively. Examination of the temporal and spatial power spectral
densities indicated that the flow within the arrays was fully turbulent
at these Reynolds numbers. See Supplemental Materials tab for this
paper on the ASME Digital Collection.

2.3 Measurement Uncertainty. A circular, moving block
bootstrap (see Refs. [23–25]) was used to provide uncertainty esti-
mates for the majority of the statistics examined in the present
work. The one exception is the “performance” statistic for the
arrays. The metric chosen involves selecting only certain data
points with respect to the positions of the elements; therefore, the
bootstrapping method was adapted to also take into consideration
the uncertainties associated with correct alignment of the col-
lected data within the array (and therefore with respect to the ele-
ment positions).

This quantification of measurement uncertainty was based on a
thorough analysis including the propagation of all explicitly quan-
tifiable uncertainties (e.g., camera calibration) and the compara-
tive estimation of uncertainties not explicitly quantifiable (e.g.,
day-to-day variations) [10]. From this analysis, it was found that
the statistical variations were the dominant source of explicitly
quantifiable uncertainties (in all but the performance metric case,
where the additional global alignment uncertainty was significant
and has therefore been retained). Furthermore, it was found that
the estimated experimental variation uncertainties were typically
of the same order of magnitude as the statistical uncertainties. For
the present set of measurements, however, the full complement of
data necessary to determine an estimate for the experimental var-
iations was not available. The presented uncertainties should,
therefore, be treated as a somewhat optimistic estimate as they do
not include any experimental variations or bias correction.

Fig. 2 Experimental setup illustrations. Left: close-up sketch
showing element mounting to gears and plate structure holding
gears in place. Right: photo of full array in the flume. Figure
adapted from Ref. [10].

Fig. 1 Schematics of the spatial, rotational, and height configurations of the arrays (within the region of interest). Each
symbol indicates the position of an element. The color of the symbol indicates the rotational direction as viewed from
above: black is clockwise and gray is counterclockwise. The symbol indicates the height of the element: 3 indicates a
short element, � indicates an average element, and w indicates a tall element. The red (light gray) lines indicate the trans-
verse locations and streamwise extents of the vertical data sheets taken in each array. The blue (dark gray) box indicates
the position and extent of the horizontal data sheets taken.
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3 Results

3.1 Quantifying Array Performance. In order to quantita-
tively compare the flow in the different arrays, a performance met-
ric was defined which was motivated by the potential implications
of the present work for the VAWT arrays. For wind turbine arrays,
the streamwise velocity spatially averaged over the frontal area of
the turbine may be taken as an indicator of the power resource
available within the array [26,27]. In the present work, the follow-
ing metric is proposed for quantitatively comparing the arrays:

Cuin
¼

P
elements

ðh

0

h�ujindz
P

elements h
(1)

Conceptually, this metric quantifies the mean incoming stream-
wise flow per unit frontal area of the elements. More explicitly,
the mean incoming streamwise flow, h�ujin, was computed from
the horizontal sheet data as a partial-spatial average of �u taken
1.25D upstream of the elements over the projected 1D transverse
span of an element. This value was computed for each element
contained within the horizontal data sheets, at each of the horizon-
tal data sheet heights (whatever the height of the element in ques-
tion). A spline fit of the metric was then taken through the
measurements, including a zero flow velocity at the bottom of the
array. The splined metric was then integrated over the height of
the element in question, and the height of the element (h) was also
recorded. The total integrated performance over all measured ele-
ments was then divided by the total height over which the metric
had been integrated (and the 1D width of the elements) in order to
yield an average h�ujin per unit frontal area (defined in Eq. (1) as
Cuin

for notational convenience). The results of this analysis are
given in Fig. 3, where the metric has been normalized by the max-
imum performance (across all arrays and rotation rates) for ease
of comparison.

There are a number of interesting comparisons which may be
drawn from this analysis. The most immediately obvious compari-
son is the substantially improved performance observed in the
wedge array as compared to the other vertical structures, for both
a¼ 2 and a¼ 4. Comparing the a¼ 2 performances, the next best-
performing uniform array drops 20% in performance, while the
worst-performing sawtooth array drops 36% in performance. This
highlights an important observation: the improvement in perform-
ance in an array containing tall elements is not merely a result of
accessing higher velocity resources further from the bottom of the
array. In comparison to the uniform height array, the introduction

of tall elements and vertical structuring can either improve or
deteriorate the array performance.

Another interesting observation is that all arrays perform best at
a¼ 2, with the performance at a¼ 4 being significantly lower,
even dropping so low in the random array as to be at the same
level as the a¼ 0 case. Examining the mean velocity fields �u and �v
in the horizontal planes of data, the reason for the drop in per-
formance is readily apparent. The flow immediately surrounding
each cylinder is entrained such that it matches the direction of the
cylinder (i.e., upstream moving flow near the upstream moving
edge of the cylinder, negative transversely moving flow near the
negative transversely moving edge of the cylinder, etc.) In
the case of a¼ 2, the upstream/reduced streamwise flow near the
upstream moving edges of the cylinders is relatively small and
confined to just the transverse sides of the cylinders. In the case of
a¼ 4, the upstream/reduced streamwise flow regions have
expanded and have been swept around by the transverse compo-
nent of the induced flow to also partially encompass the fronts of
the cylinders, where the performance measurement is being made.
For this reason, in the remainder of the work, further analysis will
focus primarily on the a¼ 2 data.

Based on the previous work on homogeneous-height arrays,
there are two flow characteristics within the array which may be
considered pertinent in determining the performance of an array:
the vertical flux of streamwise momentum from above the array
down into the array and the horizontal redistribution or mixing of
the influx momentum within the array. These two characteristics
will be examined more closely in Secs. 3.1.1 and 3.1.2,
respectively.

3.1.1 Vertical Flux of Streamwise Momentum. The (integral)
vertical flux of streamwise momentum may be decomposed into
three contributions: a mean-driven flux h�uih�wi, a Reynolds stress-
driven flux h �u0w0 i, and a dispersion-driven flux h~�u ~�wi. The profiles
of each term are given in Fig. 4. Note that here z is normalized by
the height of the tallest element in the array (Hmax), rather than by
the cylinder diameter, in order to permit clearer comparison
between the heterogeneous-height and homogeneous-height
arrays.

The first notable feature of these profiles is the dominant role
played by the mean-driven flux in all arrays. In the case of the
wedge array at the top of the highest elements, the mean-driven
flux is over four times the magnitude of the Reynolds stress-
driven flux. For all arrays, the Reynolds stress-driven flux is the
second largest contributor to the vertical flux, with the dispersion-
driven flux being relatively negligible.

One very interesting feature in comparing the different arrays is
that the mean-driven flux varies significantly between the different
arrays, and intriguingly, the magnitudes of mean-driven vertical
flows at the top of the arrays appear to follow the same ordering
as the performance of the array. More rigorously, taking the linear
correlation between the computed performance metric Cuin

and
the time–space averaged vertical flow evaluated at the maximum
height of each array (h�wijz¼Hmax

) for a¼ 2, the correlation coeffi-
cient is R2¼ 0.92 across the four array configurations. Motivated
by this, the patterns of mean vertical flow within the arrays will be
examined in some depth in Sec. 3.2, particularly in the context of
how the vertical structure of the array influences this vertical flow.

Examining the Reynolds stress-driven fluxes, there is a distinc-
tive peak in the flux at the height of the highest elements in all
arrays. Below this peak, the profile in the uniform height array
decays relatively monotonically. In contrast, the heterogeneous-
height arrays show secondary peaks at lower heights. In the wedge
array, there is a clear secondary peak at the height of the short ele-
ments. In the sawtooth array, there is a notable secondary peak at
the height of the average elements and a very slight but still iden-
tifiable peak at the height of the short elements. The random array,
interestingly, shows a rather vertically extensive “peak” over the
region between the average and short element heights. Motivated

Fig. 3 Comparison of Cuin
(normalized to maximum measured

value) across arrays and rotation rates. Light gray indicates
a 5 0, medium gray indicates a 5 2, and dark gray indicates
a 5 4.
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by these features, the turbulence characteristics within the arrays
are examined in more detail in Sec. 3.3.

3.1.2 Horizontal Flow Patterns. The other characteristic
which has been previously identified as important to the perform-
ance of an array is the horizontal pattern of flow within the array
which can act to either favorably channel the injected momentum
through the array or unfavorably divert the momentum. While the
same spatial and rotational configurations of the elements in all
arrays considered here lead to the same qualitative patterns in the
arrays, there are subtle differences. To illustrate these, Fig. 5
presents the horizontal flows in the best-performing wedge and
worst-performing sawtooth arrays, at each of the three measure-
ment heights. See Supplemental Materials tab for this paper on
the ASME Digital Collection.

At the highest data sheet (z¼ 10D), for both arrays, it can be
qualitatively seen that the transverse flow is much smaller than
the streamwise flow, as evidenced by the largely streamwise-
aligned streamlines. Certainly, there are transverse flows, mainly
converging in front of and diverging behind each pair, but these
are largely localized effects. The one difference is for the wedge
array where there is some channeling between pairs.

The middle data sheet (z¼ 7D) now intersects the average
height elements of the sawtooth array, and the interactions
between the pairs of elements can be seen. There does seem to be
some level of large-scale pattern to the transverse flows, as there
is largely negative transverse flow in the negative y direction from
the centerline and positive transverse flow in the positive y

direction from the centerline. This, however, is by no means con-
sistent, showing significant “patchiness” of transverse flow direction.
The wedge array, on the other hand, shows relatively clear and strong
large-scale patterns. No medium height elements exist to disrupt the
channeling of flow from one pair of tall elements to the next within
the wedge, and then behind the wedge, the transverse divergence of
flow across the centerline is uninterrupted. The overall result is very
clean channeling of flow from one wedge of elements to the next.

The lowest data sheet (z¼ 4D) shows the clearest differences.
At this height in the array, the spatial and rotational patterns of the
elements as intersected by the data sheet are exactly the same
between the arrays. Any difference between the patterns, there-
fore, must be attributed to 3D effects. In the sawtooth array, the
patchiness of the transverse flow has increased, and as a result, the
streamlines through the array have become very “meandering.” In
contrast, the wedge array still shows much the same transverse
flow split behind the wedge of tall elements. This indicates that
the transverse flow patterns established at the higher heights in the
array are influencing the transverse flow patterns at the lower
heights in the array. As a result, the streamlines within the wedge
array appear to be significantly more channeled from one pair of
cylinders to the next.

In order to quantify these qualitatively observed features, the
“meander” of the streamlines (denoted for simplicity m) was com-
puted to be the difference between the path length of a streamline
(Lpath) and the straight line distance between the starting and end-
ing points of the streamline (Lstraight), normalized by the latter:
m ¼ ðLpath � LstraightÞ=Lstraight. Streamlines were initiated at every
point in the data field. The median of m was then taken over all
streamlines, and this was plotted against the average incoming
streamwise velocity for elements intersecting that data sheet
(h�ujin, taken across the projected element span 1.25D upstream).
Figure 6 presents the results of this comparison, in log–log scale,
including all array configurations at a¼ 2.

Clearly, as meander of the flow through the array increases, the
performance of the array decreases and vice versa. Fitting the
log–log data with a linear fit indicates the following correlation,
with R2 ¼ 0:86 : h�ujin ¼ 003ðmedianðmÞÞ�0:35

. At present, a
mathematical justification for the�0.35 exponent is not proposed.

3.2 Vertical Flow Patterns. As mentioned in Sec. 3.1.1, a
linear correlation coefficient of R2¼ 0.92 exists between the com-
puted performance metric Cuin

and the time–space averaged verti-
cal flow evaluated at the maximum height of each array
(h �wijz¼Hmax

) for a¼ 2. Motivated by this, a simply empirical
model is here developed in order to provide a kinematic differen-
tiation between the vertical structuring of the arrays with respect
to the observed vertical flows.

Figure 7 presents the time-averaged vertical flow field at the
centerline of the arrays and (where available) through the counter-
clockwise rotating cylinders closest to the centerline. Qualitative
examination of the streamlines suggested that the angle of the
flow (that is, the ratio of �w to �u) behind each cylinder pair was
roughly constant for elements of the same height across arrays.
Several streamlines have been highlighted in the figure to illus-
trate this observation. For example, in the sawtooth array (top
row), the short element at x¼ 168D, y¼�1D (second column)
shows a strong vertical flow, which causes the streamline starting
just above the cylinder (5D in height) to reach the bottom of the
array in a streamwise extent of only about 5D: a flow angle of
very nearly 45 deg. In the wedge array (second row), the short ele-
ment at x¼ 176D, y¼�1D shows almost exactly the same trend.
Similarly, for the tall elements in the sawtooth, wedge, and ran-
dom arrays, the flow path indicates a vertical drop of only about
3.5D over a streamwise extent of 8D: a flow angle of roughly
24 deg (streamlines showing this trend are highlighted in the
y¼ 0D plane, left column). The average height element in the
sawtooth array shows an intermediate flow angle of around
32 deg. Surprisingly, the average height element in the uniform

Fig. 4 Comparison of streamwise momentum flux terms for
a 5 2. Solid line: h�u ih �w i, dashed line: h �u0w 0 i, and dotted line:
h~�u ~�w i. Note that on this scale, for the sawtooth, wedge, and ran-
dom arrays, the tallest elements are at height 1, the average ele-
ments are at height 0.73, and the short elements are at height
0.45, as indicated by the grid lines. While these latter two
heights have no meaning for the uniform array, the grid lines
have been retained for easier comparison between arrays.
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array shows a flow angle much closer the tall elements in the
heterogeneous-height arrays than to the average height element of
the sawtooth array: the vertical drop is about 3D over an 8D
streamwise extent, for a flow angle of roughly 21 deg.

These qualitative observations can be made much more quanti-
tative: concentrating on the data taken at y¼ 0D, streamlines can
be started at every point in a 0.5D� 0.5D region centered on the
trailing upper edge of each cylinder pair. These streamlines can be
traced a finite distance (in this case, over roughly 8D in the
streamwise direction, but stopping the trace within 1D of the bot-
tom to avoid including bottom effects), and then, the median angle
along each streamline and over all streamlines can be computed.
The results of this analysis are presented in Table 1.

It is worthwhile to emphasize at this point that the flow angle is
intended as an easily quantified surrogate for the strength of the
vertical flow relative to the strength of the streamwise flow. In
turn, the strength of the (time–space averaged) vertical flow has
been shown to be well correlated with the performance of the
array (see Sec. 3.1.1). Thus, by concentrating on the “angle” of
the flows induced by the vertical structuring of the array, it is pos-
sible to represent the performance of the array, which is of pri-
mary interest.

Certainly, the spread in angles, both for a single element pair
and between element pairs, was significant. However, in order to
move forward with the analysis of vertical structure effects on
vertical flow, it was taken as a rough approximation that the tallest

Fig. 5 Time-averaged transverse flows and streamlines in the three horizontal data planes for the (a) sawtooth and (b)
wedge arrays, a 5 2. Here, as in Fig. 1, the symbol indicates the height of the element: 3 indicates a short element, � indi-
cates an average element, and w indicates a tall element. The color of the symbol indicates the rotational direction as
viewed from above (if the element intersects the given data sheet; if the element is below the height of the data sheet, the
symbol is left white): black indicates clockwise rotation and gray indicates counterclockwise rotation. Note that the missing
data along the rows of elements are due to shadowing of the laser sheet.

Fig. 6 Comparison between quantified meander of flow in the
array and the performance of the array (for a 5 2 data). The sym-
bol indicates the height of the data sheet: 3 indicates that the
data sheet was at or below z 5 5D, � indicates that the data
sheet was at or below 8D, and w indicates that the data sheet
was at or below 11D. Multiple symbols come from the different
arrays. The solid line is the linear best fit: R2 5 0.86.
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Fig. 7 Time-averaged vertical flow and streamlines for a selection of the vertical data sheets taken in each array,
a 5 2. Solid black rectangles indicate that the sheet intersects with a clockwise rotating cylinder. Rectangle out-
lines indicate the locations of the rows which the laser sheet does not intersect, with the height of the element
closest to the laser sheet being indicated. Please note that due to line of sight blocking by other elements along
the rows, data were not able to be collected between elements in a row. Interpolation was used to fill these regions
of missing data, and features “within” the outlined cylinders may be artifacts of the interpolation.
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element in a given array would induce a vertical flow at an angle
of �27.5 deg, or equivalently �w=�u ¼ �0:52. Again, making a
rough approximation and taking �u as constant over the range of
interest, �w ¼ �0:52�ujz¼Hmax

. Furthermore, it was taken for the het-
erogeneous arrays that the average height elements and short
height elements induced vertical flows at angles of �36 deg and
�43.5 deg, respectively. Again, approximating �u as constant over
the region of interest, �w ¼ �0:73�ujz¼8D and �w ¼ �0:95�ujz¼5D.

As an aside, the variation in flow angle may be associated with
the ratio of the cylinder surface rotation speed to the local stream-
wise velocity near the top of the elements, that is, alocal¼DX/2ulo-

cal, noting again that a is computed based on the freestream
velocity, u0. This hypothesis is motivated by noting that since u
tends to decrease with height in the arrays, but the cylinder rota-
tion remains constant for all cylinder heights, the alocal must
increase even as the flow angles increase for the decreasing ele-
ment heights. Formalizing this observation, in Fig. 8, the flow
angles are compared against alocal, where ulocal is computed over a
0.5D� 0.5D region just in front of the upper edge of each cylinder
pair, in each array configuration. (Note that the requirement of
data upstream of the cylinder pair reduces the number of available
data points.) From this comparison, it can be seen that flow angle
magnitude does increase with increasing alocal, with a correlation
coefficient for a linear relationship of R2¼ 0.93.

Continuing to develop the model, one further approximation
can be made to relate �ujz¼5D;8D to �ujz¼11D for the heterogeneous-
height arrays. Taking the average over all heterogeneous-height
arrays, ð�ujz¼5DÞ=ð�ujz¼11DÞ ¼ 0:360:1 and ð�ujz¼8DÞ=ð�ujz¼11DÞ ¼

0:6060:06 (where the uncertainties are one standard deviation).
Although the variation between arrays is significant, especially for
the lower height in the arrays, in order to continue building a very
simple model to relate vertical flow to vertical structure, scaling
factors are defined in order to convert all estimates for vertical
flow to units of �ujz¼Hmax

. In the following, it is taken that n1 ¼
ð�ujz¼5DÞ=ð�ujz¼11DÞ ¼ 0:3 and n2 ¼ ð�ujz¼5DÞ=ð�ujz¼11DÞ ¼ 0:6.

Having now a (rough) estimate for the vertical flow induced by
a pair of elements in an array, a prediction of the relative vertical
flow can be made. The procedure is best described with reference
to an example.

The first example taken will be the y¼�1D transect in the saw-
tooth array, as shown in Fig. 9, top panel. For the sawtooth, a
repeating unit cell may be defined from x¼ 168D to 192D and
y¼�4D to 4D. The solid and dashed vertical gray lines (blue
online) indicate the streamwise extent of the cell. First, the appro-
priately angled “streamlines” are drawn in: the solid gray lines (red
online) starting at the top of each intersected cylinder and extending
either to the bottom or to an intersection with another element.
Over that determined streamwise extent, the appropriate vertical
flow value (scaled to �ujz¼Hmax

) is assigned. In this case, the short
element contributes �0:95n1�ujz¼Hmax

over 5.26D, the tall element
contributes �0:52�ujz¼Hmax

over 8D, and the medium element con-
tributes �0:73n2 �ujz¼Hmax

over 8D. The average flow over the
streamwise extent of the cell (24D) is therefore (using the defined
scalings n1 and n2) ½ð�095ð03Þð526Þ þ�073ð06Þð8Þ þ �052ð8ÞÞ
=24� ¼ �0:38�ujz¼Hmax

. This process is then repeated for each trans-
verse position which intersects a cylinder in the selected unit cell of
the array. For the cell selected in the sawtooth array, this is y¼ [�3D,
�1D, 1D, 3D]. For the sawtooth array, however, all transects are
effectively identical, and therefore, the average vertical flow predic-
tion for the array is�0:38�ujz¼Hmax

.
The second example taken will be the y¼�3D transect in the

random array, as shown in Fig. 9, bottom panel. In this case, there
is no repeating unit cell, so the cell under consideration is defined
to be from x¼ 168D to 192D and y¼�4D to 4D. The solid and
dashed vertical gray lines (blue online) indicate the streamwise
extent of the cell. In this case, the intersected elements are not at

Table 1 Median angles of flow in near field behind each ele-
ment pair

Short (deg) Average (deg) Tall (deg)

Sawtooth �45 6 4 �36 6 6 �26 6 8
Wedge �42 6 10 — �26 6 4

�29 6 6
Random — — �28 6 8

�29 6 6
�27 6 7

Uniform — �27 6 5
�28 6 7

Uncertainties reported are one standard deviation over the measurements.

Fig. 8 Comparison of the flow angle behind each cylinder pair
with the local tip-speed ratio (a 5 2 data). The symbol indicates
the height of the element pair: 3 indicates a short element pair,
� indicates an average element pair, and w indicates a tall ele-
ment pair. The solid line indicates the linear best fit: R2 5 0.93.

Fig. 9 Illustrations of vertical flow prediction based on vertical
structuring of array: top panel—sawtooth array, y521D and
bottom panel—wedge array, y 5 23D
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the edges of the defined cell, so care must be taken to correctly
take into consideration the induced vertical flow from elements
outside of the cell, as shown here for the average height element
at x¼ 164D. Following the same procedure of tracing an appropri-
ately angled streamline from the top of each intersected element
to either the bottom or intersection with another element in this
case yields a short element contribution of �0:95n1 �ujz¼Hmax

over
5.26D, a medium element contribution of �0:73n2 �ujz¼Hmax

over
4D, and two tall element contributions totaling �0:52�ujz¼Hmax

over 16D. The average vertical flow along this transect is there-
fore ½ð�0:95ð03Þð5:26Þ þ �0:73ð0:6Þð4Þ þ �0:52ð16ÞÞ=24�
¼ �0:48�ujz¼Hmax

. The required transects in this case are y¼ [�3D,
�1D, 1D, 3D]. Repeating the procedure for the other three trans-
ects yields �0:52�ujz¼Hmax

at y¼�1D, 1D and �0:19�ujz¼Hmax
at

y¼ 3D. The average for the array is therefore �0:33�ujz¼Hmax
.

Using this procedure for the wedge array and the uniform array
yields �0:61�ujz¼Hmax

and �0:52�ujz¼Hmax
, respectively.

Assuming that �ujz¼Hmax
is constant across arrays, these values

can be compared to each other, and taking �ujz¼Hmax
¼ 0:7u0, these

values can be compared to the time–space averaged vertical flow
evaluated at the maximum height of each array (h�wijz¼Hmax

, in
units of u0). The comparison (as shown in Fig. 10) is linear across
all array configurations to a correlation coefficient of 0.99; how-
ever, the absolute values are significantly different. Thus, while
the method proposed here is capable of predicting the relative ver-
tical flows between different array vertical structures, it is not
capable of quantitatively predicting the vertical flow magnitude.
Nevertheless, a particular strength of the model is the conversion
from a characteristic of an array not necessarily intuitive (the
incoming streamwise velocity to the elements) to a characteristic
which is easily visualized and “optimized” (the angle of the flow
behind elements.) For example, in the sawtooth array, the lowest
performing array, the modeled streamlines from one element
intersect an element in the very next row, allowing very little ver-
tical transport of streamwise momentum to develop. Conversely,
in the wedge array, the highest performing array, the modeled
streamlines from a tall element intersect another element only
after traveling two rows in the streamwise direction, allowing
much more vertical transport of streamwise momentum.

Before leaving this section, it should be noted that the empirical
nature of the proposed method makes it specific to the examined
spatial configuration of the elements. Other configurations, such
as different element densities, would be expected to change these
results, although our sense is that the qualitative trends will

remain largely the same, allowing simply a recalibration of the
same underlying model.

3.3 Turbulence Characteristics. Focusing on the vertical
variations in turbulence, the spatially averaged profiles of the
quadrant-based decomposition of Reynolds shear stress behavior
may be examined. In brief (for more details see, e.g., Refs.
[10,28]), the four quadrants are defined and denoted as Q1:
u0 > 0;w0 > 0, Q2: u0 < 0;w0 > 0, Q3: u0 < 0;w0 < 0, and Q4:
u0 > 0;w0 < 0. The pertinent quantities are given by

H ¼ ju
0w0thresholdj
j �u0w0 j (2)

Ii;H;tðu0;w0; tÞ ¼ 1 ðu0w0Þ 2 i; ju0w0j � H �ju0w0j
0 otherwise

�
(3)

S ¼ 1

T

X
t

ju0 x; z; tð Þw0 x; z; tð Þjdt (4)

Si;H ¼
1

T

X
t

ju0 x; z; tð Þw0 x; z; tð ÞjIi;H;t x; z; tð Þdt (5)

Sf
i;H ¼

Si;H

S
(6)

Df
i;H ¼

1

T

X
t

Ii;H;tdt (7)

The stress fraction, denoted Sf
i;H , represents the fraction of the

total stress at a given point in space which is contributed by event
type i, above a certain threshold stress level H, using the condi-
tional sampling function I. The duration fraction, denoted Df

i;H ,
represents the fraction of the total measurement time for which a
point in space is experiencing an event of type i, above a certain
threshold stress level H.

Within the present context, it is again the transfer of momentum
into and out of the array which is of primary interest to under-
stand. The discussion is therefore cast in terms of comparing Q2
and Q4 events against Q1 and Q3 events. The Q2 and Q4 events con-
tribute positively to a higher momentum within the array either by
“ejecting” a locally lower momentum upward, out of the array or by
“sweeping” a locally higher momentum downward into the array,
respectively. The Q1 and Q3 events contribute negatively to a higher
momentum within the array either by bringing locally higher
momentum up out of the array or by bringing locally lower momen-
tum down into the array, respectively. The focus is, therefore, not
placed on comparing the different arrays against each other, but on
extracting the effects of the array’s vertical structure on the relative
balance of Q2/Q4 versus Q1/Q3 events within each array.

In the present analysis, events of all stress magnitudes will be
considered by setting H¼ 0. Figure 11 presents the spatially aver-
aged profiles of the stress fractions (11(a)) and duration fractions
(11(b)) within the arrays.

The general pattern followed by the four arrays is Q4 stress
fraction domination and Q2 duration fraction domination below
around z¼ 0.75Hmax and Q2 stress fraction and Q4 duration
fraction domination above that point. The one notable deviation
from this trend is the wedge array, where the Q2 and Q4
stress and duration fractions are almost balanced between
z¼ 0.5–0.75Hmax). For all arrays, the Q1 and Q3 stress and dura-
tion fractions are significantly lower throughout the arrays and
tend to follow each other closely, indicating little symmetry-
breaking mechanism within the arrays in this regard. These pat-
terns are in agreement with previously reported results for station-
ary (roughly) homogeneous-height canopies [28].

The importance of examining the quadrant-based decomposi-
tion of the Reynolds stresses for these arrays, therefore, is the

Fig. 10 Comparison of model predicted vertical flow and
measured vertical flow at the maximum height of the array
(a 5 2 data). The symbol indicates the array: w indicates the
sawtooth array, � indicates the wedge array, � indicates the
random array, and � indicates the uniform height array. The
solid line indicates the linear best fit: R2 5 0.99.
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finer-scale detail within these general trends. It may be observed
that at each of the element heights present in a given array (e.g.,
short, average, and tall in the sawtooth array, but only short and
tall in the wedge array), there are small, vertically localized
increases in the Q2/Q4 stress and duration fractions and corre-
sponding decreases in the Q1/Q3 stress and duration fractions.
The only notable deviation is that in the random array, the shifts
are not apparent at the average element height; this is likely due to
few average height elements in the specific measurements taken.

Physically, this may be interpreted as the vertical structuring of
the arrays acting to organize the turbulence in a manner beneficial
for increased momentum within the array: at the heights of the
elements present in the arrays, the momentum-lowering Q1/Q3
events are replaced by stronger Q4 (sweep) events and more fre-
quent or more temporally persistent Q2 (ejection) events, both of
which act to increase the momentum in the array. This beneficial
organizing effect was noted previously in the examination of the
turbulence-driven vertical flux of streamwise momentum which
showed peaks at the heights of the elements present in each of the
arrays (Sec. 3.1.1, Fig. 4). It is noted that this organization effect
is seen in all arrays, including those with relatively lower perform-
ance, although the effect is perhaps strongest in the best-
performing wedge array.

4 Conclusions and Future Work

It has been shown that the vertical structuring of an array of
rotating cylinders, created by using elements of varying heights,
has the potential to alter both mean and turbulent flow characteris-
tics within the array. Reynolds stress events have been shown to
become more organized at the heights of the elements in the array,
favoring stronger and more frequent or temporally persistent
sweep and ejection events, both of which positively impact the
momentum resource within the array. The net effect of this orga-
nization is clear in the examination of the vertical flux of stream-
wise momentum in the array, which shows peaks in the
momentum flux being brought down into the array from above at
each of the element heights present in a given array.

The primary contribution to the vertical flux of streamwise
momentum, however, is the mean-driven flux, which is itself
directly dependent on the vertical structuring of the array. A rough
model has been proposed, which allows the influence of the verti-
cal structuring on the mean vertical flow into the array to be pre-
dicted, relative to other arrays with same rotation rate and spatial/
rotational geometry. The model is based on a simplified concep-
tual understanding of the vertical flows: the downward mean verti-
cal flows are initiated behind each pair of elements and continue
to penetrate into the array until aborted by the presence of another
pair of elements. Thus, by carefully choosing the streamwise
sequence of element heights, the interruptions of this vertical
inflow may be minimized, corresponding to a greater injection of
streamwise momentum from above the array.

Of particular note in this model is the suggestion that the angle
of the flow behind each pair of cylinders is related to the ratio of
the cylinder surface rotational speed and the local streamwise
velocity. If this proposal is correct, it could be possible to tune the
rotation rates of the different height elements in order to either
maximize the vertical flows into the array or minimize the spatial
variations in vertical flow such that the shear instabilities within
the array might be reduced.

Within the array, it has also been shown that large-scale hori-
zontal flow patterns can be developed between elements, which
can channel the introduced streamwise momentum into the ele-
ments rather than diverting or dissipating the momentum, result-
ing in an improved overall performance. Most importantly, it has
been shown that the patterns have vertical persistence: the flow
patterns established at the higher heights in the array (by only the
taller elements) can influence the transverse flow patterns at
the lower heights in the array (intersecting more elements). Thus,
the beneficial channeling or the adverse diversion of the flow
between pairs of elements in an array can be influenced by the
vertical structure of the array.

Cumulatively, the improvement in streamwise momentum
resource between arrays of different vertical structures could
show up to a 56% improvement from the lowest to highest
resource arrays. Such significant improvement in the performance

Fig. 11 Time–space averaged stress fraction (a) and duration fraction (b) of u0w 0 events in quadrant 1 (–�), quadrant 2 (–),
quadrant 3 (��), and quadrant 4 (– –). Hole size 5 0 for each of the four arrays.
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of the arrays may be taken as motivation to examine in more
detail the potential of heterogeneous-height VAWT arrays for
improved array power output. Finally, given the importance of
flow channeling within the horizontal plane, it would be of interest
to examine the potential of stationary elements being added to a
rotating element array as flow “guides.”
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